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Abstract

Transient radiative and conductive heat transfer in a fibrous medium with anisotropic optical properties is investigated. Two differ
of boundary conditions are treated: when the temperatures imposed on the boundaries vary with time and when the medium is subject to
radiation source which varies with time. A one dimensional case is considered. The non-linear transient Heat Conduction Equatio
using the Kirchhoff transformation associated with a P2 finite elements method using a non-uniform spatial mesh. The Radiative Tra
Equation is solved using a direct method which is analytical in space whereas the spectral scattering and absorption coefficients
the phase function are determined using the Mie theory. This procedure is applied on the whole time domain. Finally, a realistic a
to a fibrous insulation composed of silica fibers is treated numerically.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Beyond a certain temperature, the thermomechan
properties of insulating materials deteriorate and, moreo
phase changes can locally appear, which might produc
phyxiation or irreversible damage to persons. To prev
this, fibrous insulation materials must meet rigorous s
dards. Accordingly, the assessment of any insulating ma
ial under fire conditions requires evaluating the temperatur
field in the medium and its evolution with time. For this pu
pose, we have carried out a modelling of the coupled r
ation and conduction heat transfer in transient state insi
semi-transparent plate, with a heat flux applied to one of
faces. The interest of such modelling is to allow optimi
tion of composition in order to satisfy the imposed criteri
The complete modelling of phenomena is delicate beca
materials containing silica cannot be considered as grey m
dia and the radiative properties vary with the wavelength
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the direction. Our study takes into account this complex
diative behaviour [1–7].

A survey of the literature on coupled radiation a
conduction in semi-transparent media shows that, up
now, there exist rather few studies on the transient s
and, that for the major part, the media considered are gra
not scattering [8–11] or with an isotropic scattering [1
18]. Some authors consider however non-gray media
scattering [19], either isotropic [20], or anisotropic [21
Moreover, problems corresponding to imposed temperat
on the boundaries have been largely modelled, but there
rather few studies dealing with flux boundary conditions
addition, note that in the quoted papers, fibrous media
practically not studied. However, the practical and econo
stakes remain significant.

The two major modes of heat transfer in insulating ma
rials that we will study are radiation and conduction. Pre
ous studies about heat transfer through fibrous media
have shown that radiative heat transfer might constitute
of the total heat transfer, for a medium with a temperatur
ranging between 300 and 400 K. Moreover, transmission
reflection measurements in such media exhibit non-isotr
scattering properties. Steady state heat transfer by combine
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Nomenclature

cp specific heat capacity of the
medium . . . . . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

E medium thickness . . . . . . . . . . . . . . . . . . . . . . . . m
h convective exchange coefficient . . W·m−2·K−1

Iλ spectral radiation intensity . W·m−2·µm−1·sr−1

Ib,λ spectral black body
intensity . . . . . . . . . . . . . . . . . W·m−2·µm−1·sr−1

k thermal conductivity of the
medium. . . . . . . . . . . . . . . . . . . . . . mW·m−1·K−1

Qt total heat flux . . . . . . . . . . . . . . . . . . . . . . . W·m−2

Qc conductive heat flux . . . . . . . . . . . . . . . . . W·m−2

Qr total radiative heat flux. . . . . . . . . . . . . . . W·m−2

Sr radiative source term . . . . . . . . . . . . . . . . W·m−3

t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K

T∞ surrounding temperature . . . . . . . . . . . . . . . . . . K
x position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

λ wavelength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . µm
µ cosine of the polar angle
ρ density of the medium . . . . . . . . . . . . . . . kg·m−3

κλ spectral absorption coefficient . . . . . . . . . . . m−1

σsλ spectral scattering coefficient . . . . . . . . . . . . m−1

βλ spectral extinction coefficient . . . . . . . . . . . m−1

Φλ spectral phase function

Subscripts

0,E boundaries
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radiation and conduction in a fibrous medium, limited
black surfaces with temperatures imposed, was already
with in references [3–5,22–25]. In the present work, we p
pose to extend this study by considering the transient s
First, we will consider as boundary conditions the tempe
tures imposed on the boundaries and, later, we will ext
the study by includingflux boundary conditions.

2. Theory and analysis

2.1. Physical model and mathematical formulation

We consider heat transfer in the transient state throu
planar fibrous medium. The medium is assumed to be ho
geneous, one-dimensional, and axisymetric with thickn
E. To describe the radiation–conduction interaction insid
semi-transparent medium, two equations are necessary
radiative transfer equation (RTE) and the energy conse
tion equation.

Lind and Greenberg [36] have shown that the interac
of the radiation with a fibre varies with the incoming ang
The studied medium is nonhomogenousand anisotropic
made of air and silica fibres randomly oriented in planes
allel to the boundaries. The Lorentz–Mie theory [5–7] ma
it possible to determine the radiative properties of the ho
geneous medium equivalent to the real medium. For the
dependent diffusion, one considers that the radiative prope
ties of the medium are obtained from the radiative proper
of each fibre (Fig. 3 in [5]). As detailed in our previous p
pers and in Fig. 1, the spectral variation of the radiative pr
erties shows that the fibrous medium under consideratio
clearly non-grey. Fig. 1 shows the distribution of radiat
coefficients with the direction and the wavelength. In ad
tion, this fibrous medium has strongly anisotropic radia
properties. Accordingly, the full set of radiative propert
t

.

e

(a)

(b)

Fig. 1. (a) Variation of scattering coefficient with the direction and the
wavelength. (b) Variation of absorption coefficient with the direction and
the wavelength.
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must be evaluated: the spectral absorption, scattering co
cientsκλ, σsλ and the spectral phase functionΦλ. They are
determined from the Mie theory [5–7].

2.1.1. The radiative transfer equation (RTE)
In our fibrous media and for the applications which

have to consider, the spectral radiation intensityIλ(x,µ, t)

is governed by the RTE [26], which is written for th
wavelengthλ, at the positionx, in the directionµ and at
time t as

µ
∂Iλ(x,µ, t)

∂x

= −βλ(µ)Iλ(x,µ, t) + Jλ(x,µ, t) (1)

with

βλ = κλ + σsλ (2)

and

Jλ(x,µ, t)

= κλ(µ)Ib,λ

(
T (x, t)

)
+ 1

2

1∫
µ′=−1

σsλ(µ
′)Φλ(µ

′ → µ)Iλ(x,µ′, t)dµ′ (3)

for all 0 < x < E, t > 0, µ ∈ [−1,1]\{0}, λ > 0. The
coefficient c denotes the radiation propagation speed
the medium. The coefficientµ is the cosine of the pola
angle between the directions of propagation and tran
In Eq. (1), the terms on the right-hand side descr
respectively the extinction phenomena, the internal emis
and the intensity of the scattering in theµ direction. The
function Ib,λ(T ) is the spectral intensity of black bod
emission at temperatureT , given by Planck’s law as:

Ib,λ(T ) = C1

λ5 · [exp(C2/(λ · T )) − 1] (4)

whereC1 andC2 are two constants of radiation given by:

C1 = 1.19× 10−16 W·m2·sr−1 and

C2 = 1.4388× 10−2 m·K
The constantC1 is theC1 black body constant [27] for a
index of refraction close to one. Our material is made
silica fibres and air with a preponderance of air. The si
density is equal to:ρglass= 2500 kg·m−3 and our materia
density is equal to:ρ = 20 kg·m−3. Thus, we can assum
for our material, a refraction index close to one.

Eq. (4) gives access to the spectral radiation intensit
each point of the medium, in each direction and at any ti
The total radiative heat flux is then given by:

Qr(x, t) = 2π

∞∫
λ=0

1∫
µ=−1

Iλ(x,µ, t)µdµdλ (5)
-2.1.2. The energy equation
The transient temperature responses in the medium

the solutions of the non-linear energy equation which
written at the positionx and at timet , according to:

ρcp
∂T

∂t
(x, t) − ∂

∂x

(
k
(
T (x, t)

)∂T

∂x
(x, t)

)
= Sr(x, t) (6)

for all 0 < x < E and t > 0. The coefficientsρ andcp are
the medium density and themedium specific heat capaci
respectively. For our applications, they are constant
equal toρ = 20 kg·m−3 andcp = 670 J·kg−1·K−1.

The functionk(T ) is the medium thermal conductivit
which is temperature dependent.k(T ) is derived using the
Langlais and Klarsfeld semi-empirical relation develope
for insulations made of silica fibers. It is based on exp
mental data obtained from a guarded hot plate device (S
Gobain Research Center [27]):

k(T ) = 0.2572T 0.81 + 0.0527ρ0.91(1+ 0.0013T ) (7)

This relation corresponds to the heat transfer through
thickness of the insulator and takes into account the air
glass fiber conduction as well as the contacts between fi
The validity range of this relation is for a temperature fro
approximately 273 to 1000 K.

Note that, we do not take into account any convec
term. In our case, air movement between fibers that m
induce convection is neglected.

Eq. (6) is coupled with the radiative transfer via t
radiative source term:

Sr(x, t) = −∂Qr

∂x
(x, t) (8)

whereQr is given by relation (5). The conductive heat fl
is defined by:

Qc(x, t) = −k
(
T (x, t)

)∂T

∂x
(x, t) (9)

The total heat flux is given by the sum of radiative a
conductive heat fluxes:

Qt = Qr + Qc (10)

In steady state, the energy equation becomes:

dQt

dx
(x) = 0 (11)

We point out that the numerical method used to so
the coupled problem, that we will detail below, leads
a solution satisfying this condition, at the final timetf at
which the steady-state is reached(within a given tolerance)

2.1.3. Boundary conditions and initial condition
2.1.3.1. Temperatureboundary conditionsand initial con-
dition. The first problem, corresponds to a system cal
“guarded hot plates”. The medium boundaries are black
faces with imposed temperatures. Initially, the system is
uniform temperature. The temperature of the front face—
hot face—is assumed to be raised abruptly following a gi
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Fig. 2. Plane plate lit by two radiation sources on its two surfaces.

time evolutionf (t) to reach a constant valueT0. The cold
face temperatureT (E, t) remains constant with time. Math
ematically, the thermal boundary conditions are thus the fo
lowing:

T (0, t) = f (t) and T (E, t) = TE for t > 0 (12)

wheref is a given function withf (t) → T0 and the radiative
boundary conditions [26] are fort � 0:

Iλ(0,µ, t) = Ib,λ(f (t)) for 0 < µ � 1
Iλ(E,µ, t) = Ib,λ(TE) for − 1 � µ < 0

(13)

As to the initial condition in the medium:

T (x,0) = TE for 0 � x � E (14)

2.1.3.2. Flux boundary conditions and initial conditio
The second problem corresponds to a sample lit b
radiation source. The sample is assumed to be a p
plate, vertically positioned in air with no motion (Fig. 2
The two facesx = 0 and x = E are in contact with
surrounding temperaturesT∞,0 andT∞,E , respectively, and
the superficial exchanges between wall and environmen
characterised by convective exchange coefficientsh0 and
hE . Then, two different radiation sources of time-varyi
intensities are applied on the two faces respectively (Fig
They are defined by:

• L+
λ (µ, t) with 0 < µ � 1 and t > 0 for the front face

(i.e., inx = 0);
• L−

λ (µ, t) with −1 � µ < 0 andt > 0 for the back face
(i.e., inx = E).

In the case of an insulating materials, of a glass w
type, the silica fibers are stratified randomly, in more
less parallel planes between the medium boundaries (Fig
Thus, we may consider the faces as being practic
transparent, because the fiber density is very low and the
probability of an incoming ray meeting a fiber in the pla
of the interface is negligible compared to that crossing
.

Fig. 3. Studied sample: insulator made of silica fibers.

air (Fig. 3). In this case, radiative boundary conditions ar
given by:

at x = 0, Iλ(0,µ, t) = L+
λ (µ, t)

for 0 < µ � 1, t > 0

at x = E, Iλ(E,µ, t) = L−
λ (µ, t)

for − 1 � µ < 0, t > 0

(15)

With this assumption of purely transparent boundar
thermal boundary conditions are:

at x = 0, −k(T )
∂T

∂x
+ h0(T )(T − T∞,0) = 0

at x = E, k(T )
∂T

∂x
+ hE(T )(T − T∞,E) = 0

(16)

The expressions of convective exchange coefficientsh0 and
hE are given in the appendix. The initial condition is
constant temperature in the medium:

T (x,0) = TE for 0 � x � E (17)

2.2. Method of solution of coupled heat transfer

The above two equations described in Section 2.1 de
a strongly coupled system of non-linear partial derivate
integro differential equations, where the unknowns are
spectral radiation intensity and the temperature fields. T
is no known analytical solution to these equations. The R
will be solved by a direct method which is analytical
space. In this paper, the solution is achieved numericall
using a discretization of the medium as well as of
direction and the time domains: the radiation intensity
the temperature fields are approximated at various po
(nodes of the mesh), in various discrete directions
intensity and at various times.

Furthermore, if a fast temperature variation or a v
intense radiation source is applied on one of the two fa
of the medium, we first observe a very high tempera
gradient near this face. Thisimplies that, in this kind of
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problem, the zone with strong temperature gradient requ
a refined treatment. But, for computing time reasons,
not appropriate to use a uniformly fine mesh everywher
the medium. Moreover, in the transient case, the evolutio
of temperature can be very stiff at the beginning, wh
implies that the time step should also be adapted. The fi
elements method is well adapted to non-uniform spa
meshes and makes it possible to obtain good accuracy. T
this method will be used to solve the energy equation.
coupled system of equations will be solved by iterat
versus time. These different methods of solution will
explained further.

2.2.1. Solution of the radiative transfer equation
The RTE given by relation (4) is “quasi-stationary”.

other words, time occurs in the equation only through
temperature field. The time variable is considered me
as a parameter. The dependence of the spectral rad
intensity on time is then implicit through the temperatu
The transient evolution of the temperature field is descri
by the energy equation given by relation (6). Hence, fo
given temperature field and at a given time, the solution
RTE in the transient-state is the same as in the steady-s
Thus, the steady state method given by [23] is used to s
the RTE. This method uses a multi-flux model. An an
lar discretization technique (discrete ordinates approxima
tion) is applied in order to express the RTE in an inhomo
neous system of linear differential equations associated
Dirichlet boundary conditions. This system is solved by
direct method (matrix exponential method), after diagon
izing the medium characteristic matrix, which makes it p
sible to circumvent the numerical instability problem. Th
method is efficient in terms of computational times and
solution is analytical in space (see [22,23]).

2.2.2. Solution of the energy equation
A spatial semi-discretization of the energy equat

is obtained by the finite elements method. To solve
equation, the radiative source termSr is assumed to be given

The energy equation is non-linear due to the temperat
dependence of the thermal conductivity. In order to “l
earize” the problem, the Kirchhoff transformation is i
troduced [28,29]. It is a transformation of the depend
variable and is a classical tool for solving non-linear par
differential equations. It is defined by:

Ψc(u) =
u∫

0

k(s)ds

Applying this transformation to the energy equation,
obtain a new formulation of the equation:

ρcp
∂T

∂t
(x, t) − ∂2(Ψc ◦ T )

∂x2
(x, t) = Sr(x, t)

∀(x, t) ∈ (0,E) × (0, tf ] (18)
,

n

.

Applying the Kirchhoff transformation to the thermal boun
ary conditions given by (16), we obtain

−∂(Ψc ◦ T )

∂x
(0, t) + h0

(
T (0, t)

) · (T (0, t) − T∞,0(t)
) = 0

∀t ∈ (0, tf ]
∂(Ψc ◦ T )

∂x
(E, t) + hE

(
T (E, t)

) · (T (E, t) − T∞,E(t)
) = 0

∀t ∈ (0, tf ] (19)

The spatial semi-discretization by the finite eleme
method uses the variational formulation and the Gale
approximation. This technique is classical and many wo
refer to it. See, for instance, the following books [30,31].

The following scalar product is introduced:

(u, v) =
E∫

0

u(x) · v(x)dx

The functionsϕi , 0� i � N + 1 denote the basis function
Taking into account that the expression of conductive h
flux given by (9) uses the first spatial derivative of t
temperature, the basic Lagrange quadratic functions are
for the basis functions. Thus, we will have piecewise lin
functions for the conductive heat flux. The description
these functions can be found in [31].

For the problem relating to temperature boundary co
tions, we obtain the following differential system [22]:

dT (t)

dt
= 1

ρcp

· [M]−1

× {−[R] · Ψc

(
T (t)

) + Sr (t) − ρ · cp · f ′(t) · M0

− Ψc

(
f (t)

) · R0 − Ψc(TE) · RE
}

∀t ∈ (0, tf ] (20)

with the initial condition:Tj (0) = TE , ∀1 � j � N , where

– T (t) is the vector of componentsTj (t), 1� j � N ;
– Ψc(T (t)) is the vector of componentsΨc(Tj (t)),

1 � j � N ;
– [M] is the square matrix of coefficients[M]i,j =

(ϕi, ϕj ), 1� i, j � N ;
– [R] is the square matrix of coefficients[R]i,j = (ϕ′

i , ϕ
′
j ),

1 � i, j � N ;
– Sr (t) is the vector of which theith component is

(Sr )i(t) = (
Sr (·, t), ϕi

)
, 1 � i � N

– M0 is the vector of componentsM0
i = (ϕ0, ϕi),

1 � i � N ;
– R0 is the vector of componentsR0

i = (ϕ′
0, ϕ

′
i ),

1 � i � N ;
– RE is the vector of componentsRE

i = (ϕ′
N+1, ϕ

′
i ),

1 � i � N .

For the problem relating to flux boundary conditions,
obtain the following differential system [22]:
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dT (t)

dt
= 1

ρcp

· [M]−1 · {−[R] · Ψc

(
T (t)

) + Sr (t)

− [
H

(
T (t)

)] · (T (t) − T ∞(t)
)}

∀t ∈ (0, tf ] (21)

with the initial conditionTj (0) = TE , ∀0 � j � N + 1,
where

– T (t) is the vector of componentsTj (t), 0� j � N + 1;
– Ψc(T (t)) is the vector of componentsΨc(Tj (t)),

0 � j � N + 1;
– [M] is the square matrix of coefficients

[M]i,j = (ϕi, ϕj ), 0 � i, j � N + 1

– [R] is the square matrix of coefficients

[R]i,j = (
ϕ′

i , ϕ
′
j

)
, 0 � i, j � N + 1

– Sr (t) is the vector which theith component is

(Sr )i (t) = (
Sr(·, t), ϕi

)
, 1 � i � N

– T ∞(t) is the vector of components

(T ∞)j (t) =


T∞,0(t) if j = 0
0 if 1 � j � N

T∞,E(t) if j = N + 1

– [H(T (t))] is the square matrix of coefficients

[
H

(
T (t)

)]
i,j

=
{

h0
(
T0(t)

)
if i = j = 1

hE

(
TN+1(t)

)
if i = j = N + 1

0 elsewhere

With the boundary conditions relevant to our applicatio
i.e. either rapidly changing imposed temperatures or an
tense radiation source, the systems of differential equa
(20) and (21) will be “stiff” (stiff problem) [32]. For such
equations, the time step is limited, not for accuracy reas
but for stability reasons. In order to overcome this constra
very stable schemes are then used; but these are implic
thus generally require an iterative method of resolution
each time step. In this paper, a Runge–Kutta implicit f
mula is used (TR-BDF2) [33].

2.2.3. Solution of the coupled system of equations
The overall solution scheme of the transient coup

equations is iterative. The flow chart of the algorithm is giv
in Fig. 4. First, we introduce the geometrical, thermal a
radiative data, then we construct an adapted mesh.

Starting with the initial temperature field at the tim
t0 = 0, the resolution of the RTE provides the radiat
intensity field and, by integration over the angular a
spectral domain, the total radiative heat flux at the ti
t0 = 0. Taking the derivative of the total radiative heat fl
with respect to the space variable, the radiative source
Sr is obtained at the timet0. Then, the energy equation ca
be solved and thus the temperature field at the following t
will be obtained. The iterations continue until converge
of the transient-state to the steady-state.
d

Fig. 4. Flow chart for the solution of coupled equations.

The convergence criterion for the solution of the coup
system of equations is met when the total heat flux
constant in the medium based on relation (11) or w
the computed temperature behaviour satisfies the follow
expression:

max
1�i�nt

|T̃ (n+1)
i − T̃

(n)
i |

|T̃ (n+1)
i |

< ε

where ε is a given strictly positive real. It is a relativ
termination tolerance.

In addition, a comparison on a test case, of the nume
result and the analytical solution is given in [22]. Hence, the
obtained result validates thenumerical method used to solv
the energy equation. Moreover, we tested the stability of
method solving the coupled system of equations, by carr
out calculations with various time steps. We obtained alm
the same final results.

The transient state does not change anything in
calculation of total radiative heat flux given by relation (
Thus the steady state approximate expression given in [2
still adequate. A discretization scheme of fourth order, us
five points, is used for the approximation of the derivati
However, here, because a variable step mesh is used i
spatial domain, calculation of the radiative source term gi
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by (8) is not exactly the same. Inthis case, the calculation o
the radiative source term led to the formulas given in [22

Remark 1. The energy equation has been solved on
interval of type[t, t + �t] where the radiative source ter
is known only at the timet . Then, an approximation fo
this time is made, with an error of o(�t). Hence, it will be
necessary to take a sufficiently small time step in orde
minimize the error.

Remark 2. Let us note that at each time step the RTE m
be solved for all the discrete wavelengths. Thus, we
expect very long computing times for the resolution of
coupled equations, especially if a transient is quite long.

3. Results and discussion

As an application of our solving method, we have trea
the case of a material composed of silica fibers wit
diameter of 7 microns, randomly oriented in planes para
to the boundaries. The thicknessE of the fibrous medium
is equal toE = 10 cm. It is a material similar to thos
used in heat insulation. In the various applications wh
we will present, the same medium is studied (Fig. 3)
its radiative properties are given in Fig. 1. The glass spe
heat varies little over the temperature range 300 to 500 K
it was simpler in the modelling to suppose a constant va
of cp = 670 J·kg−1·K−1 [34]. The density also remain
constant in our study and is equal toρ = 20 kg·m−3.

As in [23,24], 12 discrete polar directions are taken w
a constant angular interval and 481 wavelengths (in
range from 2 to 55 µm significant for the medium) f
spectral discretization are used for the numerical solut
It was shown [3–5] that this is sufficient to obtain a corr
description of the phenomena.

The calculations are performed on a Pentium IV, 1.7
1 G RAM (PC 133) and the programs were written
FORTRAN.

In order to characterize the capability of our solving to
the two problems studied here concern the hot guarded p
device. This is a benchmarking device for the determina
of thermal characteristics of a fibrous insulator, such as
equivalent conductivity. This can be obtained by measu
the steady state heat flux through the sample placed in th
hot guarded plate apparatus. Our purpose, with our tran
model is to determine the time necessary to reach st
state.

3.1. Temperature boundary conditions (guarded hot plates

We attempt to determine the time evolution of t
temperature field and the heat fluxes in the medium w
s

t

T0 = 500 K,TE = 300 K and the imposed time variation
temperature atx = 0 follows the law:

f (t) =
{

(T0 − TE)t + TE, 0 � t � 10 s
T0 if t � 10 s

We set up a non-uniform mesh, in the zone with stro
temperature gradients, i.e., on the interval[0,E/5], with
20 points and a discretization rule in geometric progres
with a ratio α = 0.8. The interval[E/5,E] is discretized
with a constant step�x = 2.5 mm. We have used a ver
small time step(�t = 1s) for stability and accuracy rea
sons. In these conditions, the program takes approxima
21 min. to converge, with a toleranceε = 10−6. Figs. 5, 6,
7 and 8 show the evolution of temperature and fluxes ve
time and position in the medium. We point out that initia
the temperature is constant and equal toTE throughout the
medium. Att = 10 s, the imposed temperatures are equa
T0 atx = 0 andTE atx = E. For low values oft , the material
is at a temperature much lower than the black body loc

Fig. 5. Temperature at different times and positions in the medium

Fig. 6. Total radiative heat flux at different times and positions in
medium.
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Fig. 7. Conductive heat flux at different times and positions in the med

Fig. 8. Total heat flux at different times and positions in the medium

in x = 0 and the temperature gradient is very significant:
diative and conductive fluxes take on very large values.
radiation and conduction coupling leads to the existenc
a maximum for the radiative flux: at this point, the radiat
energy source term is null. When the steady-state is rea
(t ∼= 1250 s), the total heat flux becomes constant and e
to 124 W·m−2, a numerical value that we found from th
previously developed steady-state model [23,24]. We
find the same value for the temperature field, the radia
and conductive fluxes. This validates the numerical met
used to solve the coupled system of equations, in a tran
state. In addition, with this example, the algorithm proved
be robust and stable.

3.2. Flux boundary conditions

3.2.1. Monotonously varying fluxes
For this simulation, the outer faces of the medium

exposed to the radiation emitted by blackbody sour
l

t

Fig. 9. Temperature at different times and positions in the medium

On the back face (x = E), the source temperature is ke
constant at 300 K, while on the front face (x = 0), the source
temperature initially rises from 300 to 500 K within 1 seco
and then remains constant indefinitely. As to the tempera
of the ambient air, in contact with the faces, it is for the s
of simplification, assumed to be: constant at 300 K on
back face (T∞,E(t) = 300 K) and varying, on the front face
according to the following linear evolution:

T∞,0(t) =
{

(150· t
10 + 300) K when 0� t � 10 s

450 K whent � 10 s

This law is arbitrarily selected.
These boundary conditions respect the axial symm

required by our model.
For the numerical model, a spatial grid with variable s

is used again; it is refined near to the two boundaries of
medium, on the two subintervals[0,E/5] and [4E/5,E],
with 30 points for each subinterval and a discretizat
rule in geometric progression with a ratioα = 0.8. The
interval [E/5,4E/5] is discretized with a constant ste
�x = 2.5 mm. For stability and accuracy reasons, a v
small time step is used:�t = 0.5 s. In these conditions, th
program takes approximately 32 min to converge, wit
toleranceε = 10−6. Figs. 9–12, show the evolution of th
temperature fields and fluxes versus time and positio
the medium. The time when the steady state is reached
approximatelytf ∼= 1500 s. The temperature curves rea
a maximum in the medium: it is the loss by convect
on the front face which is responsible. In particular, t
led to a conductive flux with a negative value near to
front face. The peak of radiative flux is due to the fa
that the incidental flux grows very quickly: the radiation
propagated in the medium at a speed close to that of lig
vacuum. The temperature rise cannot be done at the s
speed, therefore the conductive flux does not vary in
same way. Fast variations of the temperature on the f
face leads to a conductive flux which also strongly var
Over approximately one quarter of the time necessar
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Fig. 10. Total radiative heat flux at different times and positions in
medium.

Fig. 11. Conductive heat flux at different times and positions in the med

reach the steady state, the temperature field is almost linea
Thus the convergence towards the steady state is m
slower. When the system reaches the steady state, the
heat flux becomes constant and is equal to approxima
112 W·m−2, with a very small relative error between th
x-co-ordinates (lower than 0.6% in our case).

3.2.2. Periodically modulated fluxes
This case corresponds to the situation realized in (c

mercial) spectroscopic apparatuses, used for the determ
tion of radiative properties (transmittivity, reflectivity an
emissivity) of materials at room temperature: the sample
lit by an external source (such as a globar of UV lamp for
frared wavelengths), which is modulated in order to incre
the sensitivity of the measurement (signal to noise ratio).
tectors are located either on the same side or on the other si
of the sample with respect to the source. Accordingly, t
are supposed to receive and measure either the reflect
the transmitted part of the external radiation; in any case
l

-

r

Fig. 12. Total heat flux at different times and positions in the medium

Fig. 13. Steady state heat fluxes in the medium.

internal emission of the sample is considered as neglig
Our purpose is to check the validity of this assumption i
typical situation, by evaluating, in a simulation, the (mod
lated) temperature field and the corresponding (modula
emitted radiation.

The input data are similar to those detailed for
previous case, with the exception that the sample thick
is now E = 1 mm and the “hot” radiation source, on th
front face, is at a temperature of 1000 K modulated at 10
(Fig. 14). The temperature evolution on the back face
been calculated and is shown on Fig. 15: the temperature
increases for 4 seconds and then reaches a periodic re
at a frequency equal to that of the excitation. Neverthel
the fluctuation remains relatively weak, so that, in the cas
strong radiation transmission through the sample, this s
temperature change will not lead to critical errors.

In the near future, we will use our model to determ
optimal experimental conditions for this spectroscopic
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Fig. 14. Simulation scheme. Modulated part (intensity of black body at 1000 K in the normal direction with a solid angle within which the opening is eql to
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Fig. 15. Temperature rising on the back face.

paratus, or, alternatively, to evaluate the magnitude of
corrections to be applied to the measured values.

4. Conclusion

The model we have presented allows the calculatio
transient radiation intensity, temperature field and heat flux
in a fibrous medium, which may be characterised as n
grey, anisotropically absorbing, emitting and scattering,
the thermophysical properties (the conductivity and the c
vective exchange coefficient) which are temperature de
dent. Two kinds of boundary conditions were implemented
when the temperatures imposed on the boundaries vary
time and when the medium is subjected to a radiation so
which varies with time.

The numerical method used to solve the coupled sys
of equations is efficient (fast and very accurate). Indeed
radiation, we use a multi-flux formulation and the numeri
solution of the RTE analytical in space is fast. In additi
the Kirchhoff transformation applied to the energy equat
made it possible to treat the non-linearity of the equatio
a very effective and precise way. The heat fluxes and
radiative source term were calculated with high accur
using integration and differentiation formulas of high ord
The resulting equation is solved in space, by the fin
element method P2(known to be very precise) using a no
uniform mesh. The resulting differential system in time
integrated by the implicit Runge–Kutta method adapted
stiff equations. The coupling between the two equations
solved by iteration with time.

Note that the numerical method proposed here can
applied to any kind of fibrous media. This work h
been validated to some extent by comparison with
experimentally confirmed steady state solution. Compar
with similar works made by other authors has not b
possible because we have not found any: it seems that
is the first published paper reporting such a complex mo

Our model has been applied to the simulation of two tr
sient problems of practical interest. Further developments
our work will be related to the expansion of our model tak
into account reflection at the wall boundary surfaces. Mo
over, our numerical results will be confronted with vario
experimental results, in order to test the validity of our tr
sient modelling.

Appendix A. Expressions of convective exchange
coefficients

The expressions of convective exchange coefficienth0
andhE are approximated and determined from the Nuss
Rayleigh, Prandtl and Grashof numbers for a vertical
plate [35]. The Grashof number is given by the followi
relation:

Gr = g · H 3

ν2
a

· |T − T∞|
Tf

whereg is the gravitational acceleration,H is the height of
the plate (Fig. 2),νa is the air cinematic viscosity,T is the
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wall temperature,T∞ is the surrounding air temperature a
Tf is the air film temperature defined byTf = (T + T∞)/2.

Calculation of the Grashof number allows determin
the nature of the convective mode: ifGr � 108, the mode is
laminar, otherwise the mode is turbulent. Thus, accordin
the mode of the air flow, one of the two following relatio
for the convective exchange coefficient expression is u
[22]:

in laminar mode:

h(T ) = 0.95· λc,a(Tf )√
νa(Tf )

·
(

1

H
· |T − T∞|

Tf

)1/4

in turbulent mode:

h(T ) = 0.25· λc,a(Tf )

νa(Tf )2/3
·
( |T − T∞|

Tf

)1/3

whereλc,a is the air thermal conductivity.
These two expressions ofh emphasize that they depen

on variations of thermal conductivityλc,a and cinematic vis-
cosityνa with the air film temperature. From the table of t
air thermodynamic properties (for a range of temperatu
between 100 and 1000 K), a very approximate polynom
expression (of degree 2) of each one of these two funct
is determined:

λc,a(Tf ) = 10−4 · (c1 · T 2
f + c2 · Tf + c3

)
W·m−1·K−1

with c1 = −2.55× 10−4, c2 = 9.2× 10−1, c3 = 6.7783.

νa(Tf ) = 10−6 · (c4 · T 2
f + c5 · Tf + c6

)
m2·s−1

with c4 = 7.56× 10−5, c5 = 4.76× 10−2, c6 = −4.74.
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